Given N unit points charges on the surface of a unit conducting sphere, what configuration of charges minimizes the Coulombic energy N i>j=1 1/rij ? Due to an exponential rise in good local minima, finding global minima for this problem, or even approaches to do so has proven extremely difficult. For N = 10(h 2 + hk + k 2 ) + 2 recent theoretical work based on elasticity theory, and subsequent numerical work has shown, that for N ∼> 500-1000 adding dislocation defects to a symmetric icosadeltahedral lattice lowers the energy. Here we show that in fact this approach holds for all N , and we give a complete or near complete catalogue of defect free global minima.
Given N unit points charges on the surface of a unit conducting sphere, what configuration of charges minimizes the Coulombic energy N i>j=1
1/rij ? Due to an exponential rise in good local minima, finding global minima for this problem, or even approaches to do so has proven extremely difficult. For N = 10(h 2 + hk + k 2 ) + 2 recent theoretical work based on elasticity theory, and subsequent numerical work has shown, that for N ∼> 500-1000 adding dislocation defects to a symmetric icosadeltahedral lattice lowers the energy. Here we show that in fact this approach holds for all N , and we give a complete or near complete catalogue of defect free global minima.
What configuration [1] of N unit point charges on (the surface of) a unit conducting sphere minimizes the Coulombic energy N i>j=1 1/r ij ? Beyond physics, this questions has utility in understanding the assembly of biological [2] and chemical [3, 4] macromolecules, benchmarking optimization methods and, in mathematics, Smale [5] has noted the question to be a Hilbert problem for the 21st century. For 2 < N < 100, the question originally posed by Thomson more than a century ago [1] , there is agreement of numerical and theoretical work from numerous groups [6, 7, 8, 9, 10, 11, 12, 13, 14, 15] using a variety of methods so as to have strong confidence that the minimum energy configurations have been found. However, as N grows, due to exponential growth of good local minima [10] , finding global minima has been extremely difficult. For N = 10(h 2 + k 2 + hk) + 2, with h and h integers h ≥ k ≥ 0, highly symmetric icosadeltahedral configurations can be constructed (see, e.g., Fig. 1 ). Initially it was thought that such configurations might be global minima [12] , but as N grows Dodgson and Moore [16] using continuum elasticity theory [17] suggested that better energy minima could be found for N >∼ 500 − 1000 by adding dislocation defects to the icosadeltahedral lattice (Fig. 1) . Indeed, this was found to be so [18, 19, 20, 21, 22] . In a full census of icosadeltahedral configurations we had recently found that defects lower the lattice energy for N > 792 [23] . We also noted that the theory of Dodgson and Moore can also be applied to non-icosadeltahedral defect free configurations. For example, for N = 78 a tetrahedral (T h ) configuration (Fig. 1) is the global energy minimum [8] , and a larger analogue also appears to be the global energy minimum for N = 306, see Refs. [12, 23] , but for the next larger analogue for N = 1278 addition of dislocation defects lower the energy [23] . Here we show that the theory of Dodgson and Moore in fact applies for all N , and give a full or nearly full accounting of defect free configurations for Thomson's problem. For each N with a presumed dislocation defect free global minimum [7, 8, 9, 10, 11, 14, 15, 24] we initially tried 100 trials as such to see if a configuration including dislocation defects with a lower energy could be found: For a given N we started the charges at random locations and minimized the energy with a standard local gradient descent method. If we found a configuration with no dislocation defects and a lower energy than the previously proposed configuration, we then tested another 1000 trials to see if a configuration with dislocation defects and lower energy could be found. One hundred or one thousand trials is hardly even a start to exploring the more than 1.14 · 10 6 predicted[10] local minima, for example, for N = 300. But as we see below, even this few trials yields crucial trends in minima for Thomson's problem. For some larger N , especially those with icosadeltahedral configurations, we have tried up to 1000 random trials. Clearly, more extensive trials for all N may give lower energy configurations.
Our results are summarized in Table I : For N = 12-200 our search of random configurations confirmed previously found global minima [7, 8, 9, 10, 11, 14, 15, 24] (See Ref. [24] for energies and coordinates, except for N = 38 and 46 see [10, 11] .): For N = 12-100, there are 81 defect free global minima (91%). For N = 101-200, 92 N have defect free presumed global minima. For N = 201-300 we found 55 N for which the presumed global energy minimum had no dislocation defects. Of these (see Table II ) 12 are N for which the previously presumed global minimum [24] also had no dislocation defects but our configuration has a lower energy. (Contact A.P.G. for coordinates for N listed in Table II ; for other N see Ref. [24] ). There are also three N -see Table III -for which a previously presumed global energy minimum had no dislocation defects, but we found a configuration with dislocation defects with a lower energy. For example, for N = 214 a defect free configuration had been thought to be the global minimum with energy 21170.0694327506 [24] , but we found a configuration that has defects with energy 21170.0688491490. For N = 301-400 20 N have presumed global energy minimum configurations with no dislocation defects-all previously known (see Ref. [24] for 00 00 11 11 00 11 00 11 00 00 11 11 0 0 1 1 0 1 00 00 11 11 0 1 0 1 00 11 00 00 11 11 00 11 00 00 11 11 00 00 11 11 00 11 00 00 11 11 00 00 11 11 0 1 00 00 11 11 0 0 1 1 00 00 11 11 00 11 0 0 1 1 00 00 11 11 00 00 11 11 0 1 0 1 00 00 11 11 0 1 00 00 11 11 00 00 11 11 0 1 0 0 1 1 00 11 0 0 1 1 0 1 0 1 00 11 00 00 11 11 00 11 0 1 00 11 0 1 0 1 0 1 00 11 00 11 00 00 11 11 00 11 00 00 11 11 00 11 0 0 1 100 11 0 1 00 11 0 0 1 1 0 0 1 1 00 11 0 0 1 1 00 00 11 110 0 1 1 00 00 11 11 00 00 11 11 0 0 1 1 00 00 11 11 00 00 11 11 00 00 11 11 00 11 0 1 00 00 11 11 00 00 11 11 00 00 11 11 0 0 1 1 00 00 11 ) T h configuration for N = 1278 has a higher energy 718284.03746827, than for a configuration h) with dislocation defects 718281.63109628, though we cannot be certain this is the configuration of minimum energy.
energies and coordinates). For N = 301-400 we found one N -see Table III -for which we found a configuration with dislocation defects with lower energy than the previously presumed global energy minimum with no defects. For 400 < N ≤ 632 we find only eight N for which the presumed global minimum has no dislocation defects and of these eight, the largest four are icosadeltahedral configurations (N =482, 492, 612, 632). We did not find any new configurations with no dislocation defects with lower energy than previously presumed global minima, but we did find sixteen instances-see Table III -of cases for which the presumed global minimum had no dislocation but a configuration with lower energy that includes dislocation defects. These sixteen included, interestingly, two instances-672 and 762-in which the presumed global minimum had icosadeltahedral symmetry [23] , and also N = 542 for which a configuration with high dihedral (D 5 ) symmetry had been the presumed global minimum. Results for N = 10(h 2 + hk + k 2 ) + 2 are summarized in Table IV . For N > 632 no icosadeltahedral configuration is a global minimum, and for N ≤ 632 whether or not an icosadeltahedral configuration is a global minimum depends on the ratio of h to k, with smaller ratios protecting global minima by decreasing energy by rotation of vertices of the pentamers with respect to each other [12, 23, 25] .
For any N for which a defect free configuration appears to be a global minimum we have split this N to see if for the next larger analogue the defect free configuration still remains an apparent global energy minimum. Configurations are split by putting a new charge midway between each of the 3N − 6 pairs of charges-for a total of 4N − 6 charges-and then using a local gradient descent method. We continue to split the configuration until we found a larger analogue for which the defect free configuration is not a global minimum. For example, for N = 78 it was appreciated some time ago that a tetrahedral (T h ) configuration was the global energy minimum [8] . We suggested that for the next larger analogue, N = 306, the tetrahedral defect free configuration was also a global energy minimum [12] and this appears to be the case [23, 24] . But for the next larger analogue at N = 1278 the tetrahedral configuration has a higher energy than one with dislocation defects. Besides N = 78 and 306 (78, 306), we have found the following cases in which a split configuration itself also appears to be a global energy minimum: (15, 54) , (19, 70) , (25, 94) , (32, 122, 482) , (72, 282) and (77, 302).
As mentioned above, we had previously thought [23] [16] -N ∼ 500-1000-clearly for N as small as 542 with a high dihedral, but not icosahedral symmetry, adding dislocation defects lowers the energy. Also, the global energy minimum for N = 522 is not the icosadeltahedral configuration [24] , and thus (132, 522) is not a pair of split global minima. However, the currently presumed global energy minimum for 522 [24] , while possessing dislocation defects, has twelve defect pairs of a pentamer and a septamer arranged rather symmetrically and concordantly with the twelve obligatory pentamers (disclinations). Thus for N = 522, in the intermediate range for Dodgson and Moore's theory, we see the addition of defects but in a controlled way. Table I shows a remarkably strong confirmation that the theory of Dodgson and Moore [16] can be applied to general N . Not only do dislocation defect free configurations become ever vanishingly rare for N > 400, but for N < 400-the more so for smaller N -the global energy minima typically have no dislocation defects. Indeed, for 12 ≤ N ≤ 100 in quite a number of cases special circumstances account for presumed global energy minima with dislocation defects: For example, for N = 13 it was proven many years ago [27] that there are no configurations without dislocation defects. For N = 18 the global minimum configuration has one charge at each pole and four rings of four charges each, staggered with respect to each other-dihedral D 4d symmetry [28] . For N =33, and 79 there seems to be no way to add one charge, and for N = 71 to subtract one charge, to the deep global minima for the symmetric configurations of N = 32, 72 and 78 and have a good minimum with no dislocation defects.
Two important questions remain: (1) For the N for which now a defect free configuration is the presumed global minimum (Table I) , are these configurations the true global minima? Given the exponential rise in good local minima with N [10], we cannot be certain without an amount of numerical testing that exceeds current computational ability, that further numerical work may find that some of these configurations are not global minima. As discussed below, we would expect such instances where defect free configurations fail to be global minima to occur in the ∼ 100 < N < 500 range. (2) Table I ? Dodgson and Moore [16] considered the energy cost of a pair of pentamers in an icosadeltahedral lattice and noted that for N ∼ 500-1000 adding dislocation defects would lower the energy of the overall configuration. Numerical work rapidly confirmed this theory [19, 20, 21, 22, 23] , and in this work we find that even over 500 there are at most only two icosadeltahedral configurations that still are possibly global energy minima-though further searches on these N may also find these not to be global energy minima. We noted previously [23] that the theory of Dodgson and Moore could be applied similarly to a pair of pentamers in a highly symmetric, e.g., tetrahedral, but not icosadeltahedral lattice, and similarly (Ref. [23] and work above) finds that for N < 500 the symmetric defect free configuration appears to be a global energy minimum, but not for N > 500. Here we have pointed out that even for general N for a configuration that is dislocation defect free, but not necessarily highly symmetric, still one can use the theory of Dodgson and Moore and consider the energy cost of a pair of pentamers. As the energy cost of a pair of vertices will not be lower for a non-symmetric configuration than for a symmetric configuration-as in a non-symmetric configuration the cost must be borne of the pair of pentamers with their vertices most closely aligned-the range of 500-1000 will again be an absolute upper limit of where defect free configurations will remain global minima. Indeed, our numerical work is consistent with the lower range as we have found only six possible defect free configurations between 400 and 500.
So by the theory of Dodgson and Moore we don't expect any defect free global energy minima for N > 1000, and likely few even in in the N ∼500-1000 range. Thus, numerical searches to finalize the catalogue of defect free global energy minima should be focused on the ∼100-500 range (for N ≤ 100 there has been sufficient numerical and theoretical work [6, 7, 8, 9, 10, 11, 12, 13, 14, 15] as to make finding new defect free global energy minimum configurations unlikely). In particular, we haven't studied closely yet those N for which the currently proposed [24] global minimum includes dislocation defects. For these N more numerical trials could find better minima that have no dislocation defects. For another reason we think that if new defect free global energy minimum energy configurations are to be found one must look for N < 500. Using the method of Ewald sums [20, 21, 26] , one finds that the energy of N charges on a unit sphere in the theoretically impossible (by Euler's theorem), but approximately useful, construct of a perfect triangular (hexagonal) lattice for N → ∞ is
where the term order N 3/2 is the energy of N charges uniformly distributed on a sphere and embedded in a uni- form neutralizing background [26] and the term N 2 /2 accounts for the lack of a uniform neutralizing background in Thomson's problem. Eq. (1) has been also obtained using other techniques by a number of authors [29, 30, 31] . As N grows large, in accordance with equation (1), E ′ = (2E − N 2 )/N 3/2 approaches −1.11061033. Previous numerical calculations for N ≤ 200 yielded a value -1.1046 for the constant coefficient of the N 3/2 term [31, 32] , though this is clearly seen to be exceeded for N >∼ 600 (Fig. 2) . Furthermore, a configuration with N = 15152 and E ′ = −1.10562321 has been found [20] . E ′ is plotted in Fig. 2 . We see that for N < 500 the defect free energy configurations stand out as having particularly low relative scaled energies, while for N > 500 the defect free configurations are not particularly good compared with other presumed global energy minimum configurations. Thus, for N > 500 even for the currently presumed defect free global energy minimum configurations there seems no added benefit compared to configurations with defects, and thus we doubt that for other N in this range defect free configurations will be global minima.
